The Exact Solution Approach to Warm Inflation by Trivedi, Oem
ar
X
iv
:2
00
8.
05
89
9v
1 
 [g
r-q
c] 
 12
 A
ug
 20
20
The Exact Solution Approach to Warm Inflation
Oem Trivedi
School of Arts and Sciences
GICT Building, Central Campus, Ahmedabad University
Navrangpura, Ahmedabad, 380009
Gujarat,India
Email : oem.t@ahduni.edu.in
August 14, 2020
Abstract
The theory of Cosmic Inflation has received a great amount of de-
served attention in recent years due to it’s stunning predictions about
the Early Universe. Alongside the usual Cold Inflation paradigm,
Warm Inflation has garnered a huge amount of interest in modern
Inflationary Studies. It’s peculiar features and specifically different
predictions from Cold Inflation have led to a substantial amount of
literature about it. Various Modified Cosmological Scenarios have also
been studied in the Warm Inflationary regime. In this work, we intro-
duce the Exact Solution Approach for Warm Inflation. This Approach
allows one to directly study Warm Inflationary regime in a variety of
Modified Cosmological Scenarios. We begin by outlining our method
and show that it generalizes the Modified Friedmann Approach of Del
Campo , and reduces to the well known Hamilton Jacobi Formalism
for Inflation in particular limits. We also find the Perturbation spectra
for cosmological and tensor perturbations in the Early Universe, and
then apply our method to study Warm Inflation in a Tsallis Entropy
Modified Friedmann Universe. We end our paper with some concluding
remarks on the domain of applicability of our work.
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1 Introduction
Some of the most captivating problems in modern cosmology concern the
workings of the very early Universe. A lot of the physics of how our Uni-
verse was initially is not very well understood and this was evident ever since
fine tuning problems were discovered in the Traditional Big Bang Cosmol-
ogy model itself. The most prominent of these problems were the flatness,
horizon and monopole problems, which were very promisingly solved by the
introduction of Cosmic Inflation [1–4]. Cosmic Inflation is the idea that
the very early Universe went through a period of rapid accelerated expan-
sion. The dynamics of the traditional Inflationary Models generally consider
a real scalar field, the ”Inflaton” field, as the predominant contributor to
the universal energy density at that time. While there are other Inflation-
ary Models which consider more exotic scenarios [5–7], there is still a very
high amount of evident interest in single real scalar field driven Inflationary
regimes [8–11].
The conventional models of Inflation by a single scalar field consist of a
period of rapid accelerated expansion. The sub horizon scale quantum fluc-
tuations during this period of expansion, lead to cosmological perturbations
which give us a spectrum of scalar and tensor perturbations ( vector pertur-
bations are usually ignored). This generates the large scale structure of our
Universe which we see today. Also , after the period of expansion sets off a
period of ” reheating” [2] , where the energy of the Inflaton Field decays to
form radiation energy densities. These models do not take into account the
dissipation of Inflaton energy to form radiation while the Inflationary period
itself is going on and hence, these are known popularly now as ” Cold Infla-
tion” scenarios. On the other hand, the class of Inflationary Regimes which
do take into account this dissipation effect are known as ” Warm Inflation”
regimes [12–15]. Warm inflation includes inflaton interactions with other
fields throughout the inflationary epoch instead of confining such interac-
tions to a distinct reheating era. Consequently, these inflationary models do
not need a separate period of reheating after Inflation to make the Universe
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radiation dominated, and hence this provides a solution to the graceful exit
problem of Inflation [16].
Recently a lot of interest has been weighed towards Cosmological models
which modify the structure of the usual Friedmann Equation
H2 =
8π
3m2p
ρ (1)
where we have used the units c = h¯ = 1 and m2p is the usual reduced
planck mass. ρ is the energy density in the Universe, which in the context of
usual Inflationary Models refers to the energy density of the Inflaton Field.
Various different cosmological scenarios bring about a change in this usual
Friedmann Equation . Superstring and M-Theory bring the possibility of
considering our universe as a domain wall embedded in a higher dimensional
space. In this scenario the standard model of particle is confined to the
brane, while gravitation propagate into the bulk spacetime. The effect of
extra dimensions induces a well known change in the Friedmann equation
[17] ,
H2 =
8π
3m2p
ρ(1 +
ρ
2λ
) (2)
where λ is a measure of the brane tension.
It is also possible to consider quantum corrected Area Entropy relations and
study Universal Evolution in such scenarios. For example, [18] considered
the quantum corrected Entropy
S = m2p
A
4
− α˜ ln(m2p
A
4
) (3)
where A is the Area of the apparent horizon and α˜ is dimensionless posi-
tive constant determined by conformal anolmaly of the fields.This conformal
anomaly is interpreted as a quantum correction to the entropy of the appar-
ent horizon. The resulting Friedmann Equation is of the form
H2 − βH4 = 8π
3m2p
ρ (4)
, where β is some positive constant in the units of inverse mass squared.
This type of Friedmann Equation can also be arrived at by using a Chern
Simons modification of Gravity [19] . Finally, there has been a surge in
interest recently in the form of Black hole Entropy due to Tsallis and Cirto
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[20] , where they argued that argued that the microscopic mathematical
expression of the thermodynamical entropy of a black hole does not obey
the area law and can be modified as
S = γAκ (5)
, where γ is an unknown constant , A is the Black Hole Horizon area and κ is
a real parameter which quantifies the degree of nonextensivity, known as the
Tsallis Parameter. Considering the apparent horizon entropy of an FLRW
type Universe to be the Tsallis type, [21] was able to derive a Friedmann
Equation for the Universe while also taking into account and modifying
Padmanabhan’s Emergent Gravity proposal [22]. The concerned Friedmann
Equation is [21] ,
(H2)2−κ =
8π
3m2p
ρ (6)
.
Inflation has been studied in a lot of the popular Braneworld Scenarios ,
both in the traditional supercooled regime [23–25] and in the warm Infla-
tion regime [26–29]. [29] also studied Chern Simons type Modified Gravity
of [19] in the Cold Inflation regime. A crucial point , as noted in [29], which
emerges from the studies of Inflationary Studies in different cosmological
scenarios is that the concerned Friedmann Equation of investigation can be
often taken of the form
F (H) =
8π
3m2p
ρ (7)
, where F (H) is some function of the Hubble Parameter H. ρ in the context
of usual Inflationary Models is the energy density of the real scalar Inflaton
Field , φ ,
ρ = ρφ (8)
.
A very useful approach to studying different cold Inflation scenarios was
discussed in [29], taking the lead of (7) . We would now like to study
different Cosmological Scenarios using (7) as the primary equation of inves-
tigation. We hence structure our paper as follows. In section 2, we outline
the exact solution approach for Warm Inflation and describe the dynamical
aspects of the method while in Section 3 we discuss Perturbation Spectra
and derive crucial observational quantities like the scalar and tensor spec-
tral index in concern to the approach. In Section 4 we apply the method
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to study Warm Inflation in the high dissipative regime in a Tsallis Entropy
type Universe of [21] . Then finally, we summarize our results in section 5
in the Concluding remarks of the paper.
2 The Exact Solution Method
In Warm Inflationary approach, there is consideration given to both the
inflaton field and the radiation being created due to it’s dissipation during
Inflation itself. Hence, the usual Friedmann Equation of Warm Inflation
is [12] ,
H2 =
8π
3m2p
(ρφ + ρr) (9)
whee the energy density ρ consists of both inflaton and radiation energy
densities, ρφ and ρr respectively. But, during Inflation , ρφ >> ρr [12] ,
hence (9) becomes ,
H2 =
8π
3m2p
(ρφ) (10)
, where ρφ is given by ,
ρφ =
φ˙2
2
+ V (φ) (11)
with V (φ) being the potential under which the Inflaton field is. The Inflaton
Field Equation , the inflaton energy density and radiation energy density
evolution equation is given by,
φ¨+ (3H + Γ)φ˙+ V ′(φ) = 0 (12)
ρ˙φ + 3H(ρφ + pφ) = −Γφ˙2 (13)
ρ˙r + 4Hρr = Γφ˙
2 (14)
Here , Γ is the dissipation coefficient of Inflaton Energy. Defining a quantity
Q = Γ3H , we can rewrite the above equations as
φ¨+ 3H(1 +Q)φ˙+ V ′(φ) = 0 (15)
ρ˙φ + 3H(ρφ + pφ) = −3HQφ˙2 (16)
ρ˙r + 4Hρr = 3HQφ˙
2 (17)
During Inflation, we can take both ρ˙r to be approximately zero [12] .
This gives us (17)
ρr =
3Q
4
φ˙2 (18)
5
Now, this was just a small review of the basics of Warm Inflation which we
will now freely refer to throughout the entirety of paper.
Consider now the following general form of the Friedmann equation
F (H) =
8π
3m2p
ρφ =
8π
3m2p
(
φ˙2
2
+ V (φ)
)
(19)
The famous slow roll conditions of cold Inflation [8] , hold well similarly in
Warm Inflation as well [12] . Hence during Warm Inflation,
φ˙2 << V (φ) (20)
This gives us the energy density to be ρφ ≈ V (φ) Hence the general Fried-
mann Equation (19) during Inflation, takes the form
F (H) ≈ 8π
3m2p
V (φ) (21)
Now, it was shown in [30] that treating φ itself as the explicitly dependent
variable for H can lead to a very apt method of studying Inflationary models,
which is referred to as the ” Hamilton Jacobi Approach to Inflation”. [31]
studied the Hamilton Jacobi approach with respect to Warm Inflation and
found that treating the Hubble Parameter and the Disspiation Coefficients
in terms of φ is indeed very helpful for Warm Inflationary regimes. Hence,
now we treat the Hubble parameter ( and hence the scale factor as well)
primarily in terms of the field variable φ. So H = H(φ). Further the field
variable will generally be time dependent, hence the Hubble Parameter stays
implicitly time dependent.
With these considerations, we take the derivative of (21) with respect to
φ ,
F
′HH
′(φ) =
8π
3m2p
V ′(φ) (22)
where , following the convention in [29], F
′H is the partial derivative of F
with respect to H , and the prime in the superscript denotes derivative with
respect to φ . In the slow roll approximation (12) becomes,
3H(1 +Q)φ˙ = −V ′(φ) (23)
Using the expression for V ′(φ) from (22), we have φ˙ as ,
φ˙ = −m
2
p
8π
F
′HH
′
H(1 +Q)
(24)
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Using (24) , we can get a different expression for ρr by taking into account
(18) ,
ρr =
3Q
4
(
m2p
8π
F
′HH
′
H(1 +Q)
)2
(25)
Hence, we now have expression for the field velocity given F (H) ,an ansatz
for H in terms of φ and a form of the dissipation coefficient. As mentioned
in [ [32], [13] ] , dissipation coefficient is popularly used in power laws in
terms of both φ and temperature T. The temperature plays as especially
important role for high dissipative regimes, which are characterized by
Q >> 1 =⇒ Γ >> 3H
and temperature itself plays a very crucial in the generation of quantum
fluctuations during Inflation [ [16] , [13]] .
Using (24) , we can now get a different expression for ρr by taking into
account (18) ,
ρr =
3Q
4
(
m2p
8π
F
′HH
′
H(1 +Q)
)2
(26)
Using (25) , we can get an expression for ρr in terms of ρφ. It’s easy to
check that we’ll get
ρr =
Qρφm
2
p
32πF
(
F
′HH
′
H(1 +Q)
)2
(27)
We also note that as ρr is pure radiation , we can write
ρr = αT
4 (28)
where T is the radiation temperature and α is the Stefan Boltzmann Con-
stant. Now, we have from (18) and (26),
αT 4 =
3Q
4
(
m2p
8π
F
′HH
′
H(1 +Q)
)2
(29)
which gives us
T =
(
3Q
4α
)1/4(m2p
8π
F
′HH
′
H(1 +Q)
)1/2
(30)
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We note from (19) that
3m2p
8π
F − 1
2
φ˙2 = V (φ) (31)
Using the expression for φ˙ (24), we have the Potential given as
V (φ) =
3m2p
8π
F − 1
2
(
m2p
8π
F
′HH
′
H(1 +Q)
)2
(32)
Also as
ρφ =
3m2p
8π
F
, we can also write the potential in terms of the Inflaton energy density
V (φ) = ρφ
(
1− m
2
p
24π
(
F
′HH
′
H(1 +Q)
)2)
(33)
The number of e-folds is a very important quantity to measure the amount
of Inflation. The number of e-folds is [ [8] ],
N =
∫ φe
φo
H
φ˙
dφ (34)
where φe and φ are the field values at the end and beginning of Inflation,
respectively. Once again using (24), we write N as
N =
∫ φ
φe
8π
m2p
H2(1 +Q)
F
′HH
′
dφ (35)
Now, by the definition , we have
dN =
da
a
(36)
which gives us
a(φ) = a(φo) exp
(
−
∫ φ
φe
8π
m2p
H2(1 +Q)
F
′HH
′
dφ
)
(37)
8
Another important quantity for Inflationary Models are the slow roll Pa-
rameters. From the very basic definition of the ǫ slow roll parameter , can
write ...
a
a
= H2 + H˙ = H2 (1− ǫ) (38)
where ǫ is the ”first” Hubble Slow Roll Parameter given by
ǫ =
mp2
8π
F
′H
H(1 +Q)
(
H ′
H
)2
(39)
This can be arrived at directly by first realizing that
H˙ = H ′φ˙ = −m
2
p
8π
F
′HH
′
H(1 +Q)
(40)
This implies
− H˙
H2
=
mp2
8π
F
′H
H(1 +Q)
(
H ′
H
)2
(41)
ǫ is also realized using the concurrent definition [33]
ǫ = −d lnH
d ln a
=
mp2
8π
F
′H
H(1 +Q)
(
H ′
H
)2
(42)
In fact, the second Hubble Slow Roll Parameter, η is similarly defined
to be
η = −d lnH
′
d ln a
=
mp2
8π
F
′H
H(1 +Q)
H ′′
H
(43)
We now take a brief detour and discuss a bit of subtlety surrounding the
definition of slow roll parameters for Warm Inflation. While the ǫ and η
slow roll parameters above is derived as it comes from the basic definition
(40) and (41) , there still exists conflicting views in literature about the
appropriate definition for the parameter in the context of Warm Inflation.
While some authors [ [34] , [35]] like to define the ǫ and η parameters in their
usual supercooled Inflation forms , others [ [28] , [31] ] like to ” absorb” the
dependence of the damping function Q as it comes into the slow roll param-
eters from the basic definitions (40) and (41) . The proponents of the former
approach feel that defining the first and second slow roll parameters in the
usual cold Inflation form allows them to have a more relaxed constraint in
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Warm Inflationary Scenarios [34] . The author of this paper is also in har-
mony with this line of thought, but however feels the latter appraoch of
defining the first two hubble parameters in Warm Inflation allows for them
to be evidently more general then their supercooled Inflation form. This al-
lows the reader to more smoothly see the transition of the parameters from
Warm to Cold Inflation in the extremely low dissipation regime. But we are
certainly of the opinion that while both approaches of defining the parame-
ters may appear different on the level of substance, they carry virtually the
same essence overall. So now we just note for the sake of completeness that
we can equivalently define the ǫ and η parameters suitable for the approach
[ [34] , [35]] as (which we will call ǫa and ηa)
ǫa =
mp2
8π
F
′H
H
(
H ′
H
)2
(44)
ηa =
mp2
8π
F
′H
H
H ′′
H
(45)
which is just the form of the parameters as shown in [29] . The second form
of the parameters , which is in line with the approach of [ [28] , [31] ] , are
just the η and ǫ parameters defined in (40) and (41). We readily see that
(42) and (43) are just (40) and (41) respectively, in the Q << 1 approxima-
tion.
Alongside the usual slow roll parameters η and ǫ , [35] showed that for
appropriately studying Warm Inflationary Paradigms some other parame-
ters with the derivatives of Γ would be very useful. These parameters were
derived by the using the slow roll conditions for Warm Inflation. Hence we
would now like to define some new slow roll parameters for our model, in
order to better cater to the needs of Warm Inflation scenarios. One of the
primary slow roll conditions reads
−H¨
H˙H
<< 1 (46)
We would now evaluate the quantity −H¨
H˙H
to arrive at our new Slow Roll
parameters taking lead from [31] . We begin by noting that
H¨ =
d
dt
(
H ′φ˙
)
(47)
which can be realized using (38) . Now this allows us to write
H¨ = φ˙2H ′′ + φ¨H ′ (48)
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To evaluate (46) , we need to first have an expression for φ¨ appropriate
for our use. This can be done by using (24) supplemented by the fact that
˙F
′H = H˙F′HH where
(
F
′HH =
∂2F
∂H2
)
. A little bit of algebra leads us to
φ¨ =
−3m2p
8π


(
H ′
2
F
′HH + F′HH
′′
)
(3H + Γ)− (3H ′ + Γ′)F
′HH
′
(3H + Γ)2

 (49)
This allows us to write
−H¨
H˙H
= −η − m
2
p
8πH2


(
H ′
2
F
′HH + F′HH
′′
)
(1 +Q)− (3H′+Γ′)F′HH′3H
(1 +Q)2


(50)
And further we write
−H¨
H˙H
= 2η +
m2pH
′2
8πH2
F
′HH
1 +Q
− Q
1 +Q
(
m2p
8π
F
′H
H
Γ′H ′
ΓH
+
3m2pF′H
8πH
H ′
ΓH(1 +Q)
)
(51)
this leads us to define β parameter [ [35] , [31] ] as ,
β =
m2p
8π
F
′H
H
Γ′H ′
ΓH
1
1 +Q
(52)
In addition to these slow roll parameters, we define other parameters which
will be helpful for our perturbation spectra studies. These are ,
χ =
m2pF′H
8πH
H ′
ΓH(1 +Q)
(53)
and
γ =
m2pH
′2
8πH2
F
′HH
1 +Q
(54)
Which now allows us to express (48) as
−H¨
H˙H
= 2η + χ− Q
1 +Q
(β + 3γ) (55)
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In addition to these we define more parameters which will be helfpul for
us in our Perturbation spectra analysis
δ =
m2p
8π
(
F
′H
(1 +Q)H
)2 Γ′′H ′2
ΓH2
(56)
σ =
m2p
8π
1
1 +Q
F′H
H
H ′′′
H ′
(57)
ψ =
m2p
8π
F
′HHH
(1 +Q)
H ′
2
H
(58)
This completes the proper dynamical outline of the Exact Solution approach
for Warm Inflation. The following flowchart depicts how our work here
reduces to other related methods in appropriate units. [ [29] , [31] , [30] ].
Exact solution approach for Warm Inflation
For F (H) = H2 , the method of [31]For Q = 0 , the method of [29]
For F (H) = H2 and Q = 0 ,
the method of [30]
Figure 1: Flowchart depicting how our approach relates with recent studies
It is quick to check that this approach reduces to the usual Cold In-
flation approach for exact solutions [29] in the extremely low dissipation
regime Q << 1 . It also further reduces to the Hamilton Jacobi method for
Warm Inflation for F (H) = H2 [31], and further to the usual cold Inflation
Hamilton Jacobi approach [30] in the extremely low dissipation regime for
the same F (H).
With the dynamical aspects covered, we shall now explore the perturba-
tion spectra of Warm Inflation in this approach.
3 Perturbation Spectra Analysis
Cosmological density and gravitational wave perturbations in the inflation-
ary scenario arise as quantum fluctuations which redshift to long wavelengths
due to rapid cosmological expansion during Inflation [ [8] , [36] , [37] , [38]
] . In Warm Inflation, only the density perturbations couple strongly with
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the thermal background and hence, the scalar density spectra is the one
which looks more evidently different from it’s usual supercooled Inflation-
ary counterpart [39] . Tensor perturbations do not couple strongly to the
thermal background and so gravitational waves are only generated by quan-
tum fluctuations, as in standard cold Inflation. In addition to the usual
Adiabatic Perturbations in cold Inflation, Isocurvature perturbations also
are generated in the warm inflationary era due to thermal fluctuations in
the radiation field. These perturbations can be characterised by fluctuations
in the entropy of the particle species undergoing thermal fluctuations rela-
tive to the number density of photons. But in this paper, we will limit our
focus to the study of only adiabatic perturbations.
The square of the amplitude of adiabatic perturbations is calculated in a
similar way to Cold Inflation [ [39] , [13] , [31]] ,
Ps(k) =
4
25
(
H
˙|φ|
)2
dφ2 (59)
where dφ2 for the high dissipative regime (Q >> 1 )is given by [40] ,
dφ2 =
kFT
2π
(60)
where kF is the so called Freeze out number given by,
kF =
√
ΓH (61)
The definition of the freeze out number kF is not changed by considering a
general Friedmann Equation of the form (19). It is so because the definition
of the freeze out number stems primarily from the Field Equation of φ (12) ,
in particular from the evolution equation of the fluctuations δφ(x, t) ( where
φ (x,t) = φo(x, t) + δφ(x, t) ) [ [39] , [40] ].This remains unchanged by the
consideration of (19) , takes the usual form with the inclusion of the spatial
Laplcian and an additional white noise random force term ,
Γ
dδφ(k, t)
dt
= −[(k2 + V ′′(φo))]δφ(k, t) + ζ(k, t) (62)
where we have Fourier transformed to the Momentum Space and ζ(k, t) is
the white noise term. In a similar way to [39] , we reach at kF =
√
ΓH.
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Now using the expression for T (28), and the definition of ǫ (40) , we can
write Ps(k) as
Ps(k)
2 =
2
25π
√
ΓH
(
3Q
4σ
) 1
4
(
ǫH2
H ′
) 1
2
(
H ′
ǫH
)2
(63)
which leads us to write
Ps(k) =
((
48
1562500σπ4
) 1
2
Γ
3
2H−
3
2 ǫ−3H ′
3
) 1
2
(64)
The scalar spectral index is defined by the well known equation
ns − 1 = d lnPs(k)
2
d ln k
(65)
where d ln k is given as the negative of the differential of the number of
e-folds
d ln k = −dN = 8π
3m2p
HΓ
F
′HH
′
dφ (66)
For proceeding further, we note that the derivative of the ǫ parameter is
given by
ǫ′ =
dǫ
dφ
=
H ′
H
(γ + 2η − 2ǫ− β) (67)
This allows us to write
dǫ
d ln k
= ǫ(γ + 2η − 2ǫ− β) (68)
d lnPs(k)
2
d ln k
=
3β
4
− 3ǫ
4
+
3η
2
− 3
2
ǫ′
ǫ
3m2p
8π
F
′HH
′
H(Γ)
(69)
d lnPs(k)
2
d ln k
=
9
4
β +
9
4
ǫ− 3
2
γ − 3
2
η (70)
This finally allows to us to express the scalar spectral index as
ns = 1 +
9
4
β +
9
4
ǫ− 3
2
γ − 3
2
η (71)
This is the scalar spectral index for the high dissipative regime.
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For the low dissipative regime ( Q << 1 ), the Amplitude of the scalar
perturbation spectra is still expressed by (54) , but dφ is given by
dφ = HT (72)
This allows us to write the power spectrum for the low dissipative regime as
P ∗s (k)
2 =
4
25
H ′
2
ǫ2
T 2 (73)
Using the expression for the temperature derived above (28) , we have
P ∗s (k)
2 =
(
4
625α
(
H ′
)2
H3Γ
) 1
2
(74)
Again , the definition of the scalar spectral index in this case is the same as
for the high dissipation scenario
n∗s − 1 =
d lnP ∗s (k)
2
d ln k
(75)
Pursuing a similar analysis as for the previous case, we arrive at
n∗s = 1 +
3
2
ǫ+ η +
β
2
(76)
One of the more exciting findings of the observational data from the Planck,
WMAP and COBE experiments is that there is a significant running of the
scalar spectral index as well. Traditionally it was taken to be negligible
but these experimental findings make them a very important observational
quantity. Alongside the Running of the scalar spectral index and the index
itself, the tensor to scalar ratio is another important quantity of observa-
tional relevance. We will now focus more on the high dissipative regime and
calculate the running of the scalar spectral index and the Tensor-to-Scalar
Ratio in that limit. We will not calculate the same in the low dissipative
regime but one can calculate them in that limit by pursuing a similar method
as we do in the following for the High Dissipative Regime.
The running of the Spectral Index is defined by it’s usual definition
αs =
dns
d ln k
(77)
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In a similar way as we calculated dǫd lnk in (66), we arrive at the following
differentials
dη
d ln k
= ηγ + σǫ− ηβ − ηǫ (78)
dβ
d ln k
= βγ + δ + βη − βǫ− 2β2 (79)
dγ
d ln k
= ψǫ+ γη − γβ − ǫγ (80)
The above expressions allow us to write the running of scalar spectral index
using (69) as ,
αs =
15
4
(βγ + ηβ + γǫ+ ηǫ)− 9
2
(ǫβ + ǫ2 + β2 + ηγ)− 3
2
(ψǫ) +
9
4
δ (81)
Further, the squared Tensor Perturbation power spectrum amplitude is de-
fined as [41]
PT (k)
2 =
32
75m4p
V (φ) (82)
During Inflation, V ≈ 3m2pF8π which is clear by (21). The definition of the
tensor-to-scalar ratio is
r =
PT (k)
2
Ps(k)
2 (83)
Equation (80) now allows us to write the tensor-to-scalar ratio as
r =
2F
m2p
(
4α
3
)1
4 (
Γ
−3
2 H ′
−3
2 ǫ3H3
) 1
2
(84)
Again we remark that the above formulations of r and αs are specifically for
the high dissipative regime Q >> 1 . One can easily formulate the same for
the low dissipative regime Q << 1 using the same procedure we have shown
above.
Now, we are completed with all the theoretical basis of our approach. We
will now apply it on a Tsallis Entropy Modified Friedmann Universe. We
will study aspects of Warm Inflation in this model in the high dissipative
regime.
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4 Warm Inflation in Tsallis Entropy Modified Fried-
mann Universe
A Tsallis Entropy Modified Friedmann Universe has the Friedmann Equa-
tion of the form (6). This allows us to write F (H) for this model as
F (H) = H2(2−κ) (85)
Moving forward we would need to ascertain two more quantities for studying
Warm Inflation in this Model, which are the Hubble Parameter H and the
Dissipation Coefficient Γ . Both of them will be taken as functions for φ .
While this statement can be understood in a straightforward way for H ,
for Γ the answer could have been different. Usually, Γ is taken as a function
of only φ or of both φ and the radiation temperature T [ [31, 42–44] ] .
This is because temperature plays a crucial role in the dissipative scenario
of Warm Inflation. However, Temperature in general is written in terms of
φ eventually and the dissipation function in cases with Γ = Γ(φ, T ) turns
into a function of only φ [ [32, 45–47]] . So in our case we will treat both H
and Γ as H = H(φ) and Γ = Γ(φ) . Further, we consider both H and Γ to
be power law functions of φ , as
H(φ) = Hoφ
n (86)
Γ(φ) = Γoφ
m (87)
where Ho , Γo are some constants. The powers n and m are left undeter-
mined here as we will use the Planck data to find out which power laws best
fit with our concerned model. The reason for choosing power law form for
the Hubbele Parameter is because they seem to be a good fit with the latest
Planck Data [48] , while the consideration of a supersymmetric interaction of
the authors [42,44] lead to the dissipation coefficeint being a linear function
of φ. While other authors from several distinct considerations have been led
to power law forms of the dissipation Coefficient [31, 45, 47]. This suggests
to us that power law forms can indeed be very viable and general forms of
the dissipation coefficients. Hence, we take the coefficient to be in a power
law form of the field variable.
With all the preliminaries cleared up, we now move towards concrete calcu-
lations. As stated previously, we will focus on Warm Inflation in the High
Dissipative regime for this case. To make progress, we would need the form
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of the Field φ at the time of horizon exit and at the end of Inflation. It is
straightforward to get the latter by setting ǫ = 1 in (40),
1 =
3m2p2(2− κ)n2H3−2κo
8πΓo
φ(3−2κ)n−m−2e (88)
3m2p2(2− κ)n2H3−2κo
8πΓo
= φm+2−n(3−2κ)e (89)
In order to get the Field at the time of horizon exit, we take the help of the
Number of e-folds. For our model, it is given by
N =
∫ φ
φe
8π
3m2p
HoΓoφ
nφm
2(2− κ)H3−2κo φn(3−2κ)nHoφn−1
(90)
This leads to,
3m2p2(2 − κ)nH3−2κo 8πΓoN =
1
m+ 2− n(3− 2κ)
(
φm+2−n(3−2κ) − φm+2−n(3−2κ)Ne
)
(91)
This finally allows us to write the field at the time of horizon exit as
φm+2−n(3−2κ) = φm+2−n(3−2κ)e
(
1 +
(m+ 2− n(3− 2κ))N
n
)
(92)
Now, using (24) we can write
dφ
dt
= −3m
2
p2(2− κ)H3−2κo φn(3−2κ)nHoφn−1
8πΓoφm
(93)
Integrating from to to some t , we arrive at
φm+2−n(4−2κ)(t) =
(4− 2κ)n −m− 2
n
φm+2−n(3−2κ)e Ho(t− to)+(
φm+2−n(3−2κ)e
(
1 +
(m+ 2− n(3− 2κ))N
n
)) (m+2−n(4−2κ))
m+2−n(3−2κ)
(94)
This immediately allows us to write the Hubble Parameter and the dissipa-
tion coefficient as functions of time
H(t) = Ho
[
(4− 2κ)n −m− 2
n
φm+2−n(3−2κ)e Ho(t− to)+
(
φm+2−n(3−2κ)e
(
1 +
(m+ 2− n(3− 2κ))N
n
))m+2−n(4−2κ)
m+2−n(3−2κ)
] n
(m+2−n(4−2κ))
(95)
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Γ(t) = Γo
[
(4− 2κ)n −m− 2
n
φm+2−n(3−2κ)e Ho(t− to)+
(
φm+2−n(3−2κ)e
(
1 +
(m+ 2− n(3− 2κ))N
n
))m+2−n(4−2κ)
m+2−n(3−2κ)
] m
(m+2−n(4−2κ))
(96)
The Inflationary Potential corresponding to this Cosmology is given by (30)
V (φ) =
3m2pH
4−2κ
o φ
4−2κ
8π
− 1
2
(
3m2p2(2 − κ)H4−2κo nφ(3−2κ)n−m−1
8πΓo
)2
(97)
By the definition of the Hubble Parameter we have ,
Hdt =
da
a
(98)
Which gives us the scale factor as
a(t) = ao exp(
∫ t
to
Hdt) (99)
The required time integral of the Hubble Parameter can be done quite easily
to get ,
∫ t
to
Hdt =
nHoφ
m+2−n(3−2κ)
e
(m+ 2− (3− 2κ)n)N
[
φm+2−n(3−2κ)e
(
1 +
(m+ 2− n(3− 2κ))N
n
)
−
[
(4− 2κ)n −m− 2
n
φm+2−n(3−2κ)e Ho(t− to)+
(
φm+2−n(3−2κ)e
(
1 +
(m+ 2− n(3− 2κ))N
n
))m+2−n(4−2κ)
m+2−n(3−2κ)
]m+2−n(3−2κ)
m+2−n(3−2κ)
]
(100)
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This gives us the scale factor as a function of time
a(t) = ao exp
(
nHoφ
m+2−n(3−2κ)
e
(m+ 2− (3− 2κ)n)N
[
φm+2−n(3−2κ)e
(
1 +
m+ 2− n(3− 2κ)
n
)
−
[
(4− 2κ)n −m− 2
n
φm+2−n(3−2κ)e Ho(t− to)+
(
φm+2−n(3−2κ)e
(
1 +
(m+ 2− n(3− 2κ))N
n
))m+2−n(4−2κ)
m+2−n(3−2κ)
]m+2−n(3−2κ)
m+2−n(3−2κ)
])
(101)
We can also get a relationship between the radiation energy density and the
inflaton energy density, as a function of φ and consequently of time. Using
(27) in the high dissipation regime we have,
ρr(φ) =
3m2pρφ
32πF
[
(F
′HH
′)2
ΓH
]
(102)
Doing a little bit of algebra on this formula, we arrive at
ρr(φ) =
m2p(2− κ)φm+2−n(3−2κ)e ρφ
16πφm+2−n(3−2κ)
(103)
Using(94) , we can further write the above expression in terms of time ,
ρr(t) =
m2p(2− κ)φm+2−n(3−2κ)e ρφ
16π
[
(4− 2κ)n −m− 2
n
φm+2−n(3−2κ)e Ho(t−to)+
(
φm+2−n(3−2κ)e
(
1 +
(m+ 2− n(3− 2κ))N
n
))m+2−n(4−2κ)
m+2−n(3−2κ)
]n(3−2κ)−m−2
m+2−n(4−2κ)
(104)
We note further that at the time of horizon exit, (103) becomes
ρr =
m2p(2− κ)ρφ
16π
(
n
n+ (m+ 2− n(3− 2κ))N
)
(105)
The above expression tells us that in the high dissipation regime at the time
of horizon exit, only the free parameters κ , m and n and the e-fold number
N determines the relationship between ρφ and ρr.
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Now in order to fully get the details of Warm Inflation in the high dissi-
pation regime in this cosmology, we would like to have appropriate values
of the free parameters κ , n and m which fit with the observational data
[ [48] , [49]]. We would like to have expressions for important observational
quantities like the scalar spectral index and the running of the scalar spec-
tral index at the time of horizon exit. This can be done by evaluating all
the relevant slow roll and other cosmological parameters defined previously
at the time of horizon exit . Using (92) , we can evaluate the slow roll pa-
rameters at the time of horizon exit. The ǫ slow roll parameter in particular
is
ǫ =
n
n+ (m+ 2− n(3− 2κ))N (106)
We have emphasized about the ǫ parameter here because it is possible to
express all the other parameters which we have mentioned before in terms
of this parameter. Evaluating all the parameters at horizon exit, we get
β =
m
n
ǫ (107)
η =
n− 1
n
ǫ (108)
γ = (3− 2κ)ǫ (109)
σ =
(n− 1)(n − 2)
n
ǫ (110)
δ =
(m)(m− 1)
n2
ǫ2 (111)
ψ = (3− 2κ)(2 − 2κ)ǫ (112)
Using these definitions and (72), we arrive at the following expressions for
the scalar spectral index,
ns = 1+
[
9m
4n
+
9
4
+ 3κ− 9
2
+
3
2
(
n− 1
n
)]
n
(m+ 2− n(2− 2κ))N (113)
And the running of the scalar spectral index is given by (82),
αs =
[
15
4
(
m
n
(3− 2κ) + (n− 1)m
n2
+ 3− 2κ+ n− 1
n
)
+
9
4
m(m− 1)
n2
−
9
2
(
m
n
+1+
(m
n
)2
+
n− 1
n
(3−2κ)
)
−3(3−2κ)(1−κ)
][
n
n+ (m+ 2− n(3− 2κ))N
]2
(114)
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With that, we are completed with the amount of material and detail we could
have reached building up from our theoretical groundwork. To get more in-
sight into the paradigm of Warm Inflation in this model, we will have to take
note of the Latest Observational Data Available from the Planck Satellite
Experiment [49] and see which values of the free parameters in this model
most suitably fit the data available on the spectral index and it’s running.
Another important quantity in this excursion of ours is the e-fold Number.
For Inflation to solve cosmological problems and contribute in large scale
structure formation, the e-fold number can conveniently between around
60 [8] , so we will henceforth set N = 60.
Using (72) and (82) , we find that a suitable choice of the free parame-
ters which satisfies the inflationary Requirements is (m,n, κ) = (3,−5, 1.4)
. For these values ,
ns ≈ 0.964912 (115)
αs ≈ −0.003 (116)
Which is in perfect agreement with the Planck 2018 data [48] of ns =
0.9649 ± 0.0042 ( 68%CL , Planck TT, TE,EE + lowE + lensing ) and
the negligible running of the spectral index. Putting these values in the re-
quired equations derived above would give one full details of Warm Inflation
in this cosmology.One can also further use the constraints on the tensor-to-
scalar ratio provided by the data to bound the constants Ho and Γo in a
similar way as done in [31] , but we do not pursue that here.
5 Conclusions
In this paper, we have introduced the exact solution approach for Warm
Inflation. We started off by showing how many modified Cosmological Sce-
narios like Braneworld Cosmologies , Modified Gravity Cosmologies and var-
ious Modified Entropy Cosmologies have a similar form of the Friedmann
Equation which can be used to consider a generalized Friedmann Equation
with a General Function of the Hubble Parameter . We then began the
description of our method with a light review of the basics dynamics of
Warm Inflation. After that, we described our approach and showed how
various important quantities for Warm Inflationary regimes like the Hub-
ble Parameter, the Dissipation Coefficient, the e-fold Number, the Inflaton
Field Function etc. can be derived using this approach. We further explored
Scalar and Tensorial Inflationary Perturbations in this method and derived
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important Inflationary Parameters like the Scalar Spectral Index, it’s run-
ning, the tensor-to-scalar ratio etc. Finally, we applied this method to study
High Dissipation Warm Inflation in a Tsallis Modified Entropy Friedmann
Universe. We here point to one peculiarity of our model which we have
not yet touched upon. In obtaining the equation of the inflaton field we
have assumed that the matter, specified by the inflaton scalar field, enters
into the action Lagrangian in such a way that its variation in a Friedmann-
Robertson-Walker-Lemaitre background metric leads to the Klein-Gordon
equation, expressed by (12). Therefore our method is only applicable to
theories where the background metric alongside the perturbations, are not
modified.This means that Horava-Lifshitz theories of gravity [50] or theories
of similar plight are beyond the scope of our approach.
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